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The possibility of using Fresnel formula approximations to compute the angular 
dependence of optical properties and to determine the optical constants of 
opaque materials is discussed. 

Knowledge of the optical constants n and k, the real and imaginary parts of the complex 
index of refraction, their variance, and temperature dependence is necessary both for the 
investigation of the optical and radiation properties of materials [I] and for the study of 
their microcharacteristics [2]. Hence, the development of methods to determine the optical 
constants, which permit extension of the spectral and temperature ranges of the measurements 
and increase the confidence in the data obtained, is of great interest. 

The majority of methods to determine n and k are based on using a dependence between 
the measured parameters and the optical constants resulting from Fresnel formulas. The 
applicability of each specific method depends on the state and temperature of the material 
surface and is determined by the sensitivity of the parameter being measured to the magnitude 
of the optical constants. 

As is known, the Fresnel formulas are derived from the Maxwell equations upon compliance 
with a number of conditions, one of which is the requirement for the presence of a plane in- 
terface between two media on the path of electromagnetic radiation propagation. The boundary 
conditions taking account of the inhomogeneity in the interface are hence not considered [3]. 
Therefore, the requirement for the presence of "ideal" specularity of the surface, which is 
essential in determining the optical constants of engineering materials which always have a 
rough surface, does not follow from the fact of using the Fresnel formulas. Compliance with 
this requirement is necessary in those cases when the spectral specular reflectivity, which 
is quite responsive to the magnitude of the roughness, is measured to determine the optical 
constants. This responsiveness is due to the fact that the geometry of the reflected light 
beam, identical for optically smooth surfaces to the incident beam geometry, varies as the 
optical magnitude of the roughness increases because of the spatial redistribution of the 
reflected light which causes a diminution in the specular reflectivity [4]. At the same time, 
the absorptivity al or emissivity E l as well as the reflectivity Pl of the surface, taking 
account of the light reflected in a hemisphere above the specimen, remain invariant [5] 
while the optical magnitude of the roughness does not achieve a specific value. 

Therefore, the measurement of al, Pl and e I permits obtaining more accurate data to 
determine the optical constants than the measurement of the specular reflectivity does, since 
even a well-polished surface has some roughness [5]. 

According to the Fresnel equations and the Kirchhoff law, the interrelation between the 
quantities named and the optical constants for a given angle 0 (illumination or radiation) 
is expressed by the formulas 

~s = ~ s  = 1 - - p ~  = 1 - - [ ( a - - c o s O ) o - + ~ l / [ ( a + c o s 0 ) o - + ~ l ,  (1 )  ~.0 ~.0 ~ , 0  

[ ~  - -  cos ~s  + ~1 [ ~  __ sin 0 tg 0) s + ~l 
e~,O = ~ , 0  = l - - P ~ , e  = 1 - -  [(a + cos 0) z + b z] [(a + sin 0 tg 0) s + ~ ]  (2)  

e,.,o = = ~ , e  = { - -  Px,o = (~f..e + '~.,o) 12, 
where .... 

a s = 112 { n  ~ - -  k s - -  sino- 0) q - [ (n  ~ -  k z - -  sin s 0) s --F 4no-kZl ' / 2 } ;  

b z = 1 /2  { ~  ( n  2 - -  k z - -  sin s 0) q- [(n 2 - -  k s - -  sin 20) s q- 4nSk o-]' / 2 }. 
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TABLE 1. Error in the Approximation 5D~, e, % (I) and Values 

of the Coefficients E/F (II) in (9) 

t 8~,,n 
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d~g tity n o.os o,lo 0,20 0.30 o,4o o,so 
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,I 
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II 
I 

II 

,I 

1 

2 

4 

6 

10 

--0,062 
1,5/7,8 

0,012 
1,9/14 
0,065 

2,8/28 

0,085 
3,7/41 

--0,18 
1,2/2,1 
--0,17 

1,4/3,2 
--0,075 
1,8/5,4 
--0,023 
2,2/7,6 
0,027 

3,0/12 

--0,045 
1,5/4,7 
0,007 

1,9/8,3 
0,078 

2,8/t5 
0.1t 

3,6/22 

0,12 
1,2/1,6 
--0,12 
1,4/2,3 
--0,098 
1,8/3,6 
--0,051 
2,2/4,9 
0,15 

3,0/7,5 

0,11 
1,5/3,1 
--0,046 
1,9/5,1 
--0,021 
2,8/8,9 
0,010 

3,6/13 

0,98 
1,2/1,4 
0,15 

1,4/1,8 
--0,098 
1,8/2,7 
--0,11 
2,2/3,5 
--0,074 
3,0/5,2 

0,37 
1,5/2,5 
--0,13 
t,9/4,0 
--0, 24 
2,7/6,8 

--0, 24 
3,5/9,4 

1,97 
1,2/1,4 
0,52 

1.4/1,7 
--0,064 
1,8/2,4 
--0,18 
2,2/3,0 
--0,21 
2,9/4,4 

0,70 
1,5/2,3 
--0, 22 
1,9/3,5 
--0,57 
2,7/5,7 

--0,64 
3,5/7,8 

3,04 
!,2/1,3 
0,97 

1,4/1,6 
--0,05 
1,8/2,3 
--0,26 
2,2/2,8 

I, I0 
1,5/2, 1 
--0,32 

1,9/3,  I 
--1,0 

2,7/5,0 

4,02 
1,2/1,3 
1,53 

1,4/1,6 
0,080 

1,8/2,2 

This interrelation is simplified greatly for normal values of the quantities under con- 
sideration 

e~,,z = ~, ,~ = 1 . 9 ~ , , ~  = 4n/[(n + 1) 2 + k21. (4) 

The solution of (I)-(3) for n and k by means of the results of measuring pP 0' pS and 
I, l,e 

e is impossible without using an electronic computer [6], hence, a number of authors 
attempted to simplify the computations by using simpler analytical expressions which are a 
modification of the Fresnel formulas for the given parameters to be measured. In [7], for 
instance, the minimum value of the ratio Rmi n = pP /p~ and its corresponding angle 8 (the 

l,e ,e 
second Brewster angle [8]) are used as such parameters, while the parameters being measured 
in [9] were Sl,n and e I e for e = 45 ~ . However, the relative simplicity in the computations 

, . . ~ 

achieved in this manner does not ellmlnate the constraznts on the applicability of these 
methods because of the complexity of the relationship between n and k and the parameters 
being measured, and of the actually achievable measurement accuracy. 

Methods to determine the optical constants of metals, based on measurements of the values 
of ~,e and ~P or their corresponding brightnesses of the natural surface radiation L~, e 

l,e 
and L~, e~ [10-13] for several angles e relative to the normal to the surface have been de- 

veloped especially rapidly recently. The polarization relationship 6 e = ~ /r = L p e/ 
,0 1,0 i, 

L s is found from the measurement results for each angle e and by solving the system of 
l,e 

equations with the quantities 6 e and 0 as parameters, the numerical values of n and k are 
determined. The disadvantage of these methods is the boundedness of the spectral and tem- 

s It is easy to see that perature ranges of their application due to the need to measure ~l,e. 

it is expedient to perform measurements for large values of the angle e in order to increase 
the resolution of the methods. Since the quantity ssl,e (and its corresponding LS e)l decreases 

rapidly with the increase in 8, a high radiation level is necessary for its accurate measure- 
ment. This level is assured only at high temperatures in the ultraviolet and visible ranges 
of the spectrum, where metals have a sufficiently high emissivity, which indeed governs the 
low temperature limit of the measurements, or ~1200~ (~900~ [12]. Another disadvantage is 
the complexity of the measurements needed to realize the methods [13]. 

Methods to determine the optical constants of opaque materials, including metals, are 
proposed in this paper which will permit overcoming the disadvantages noted to a significant 
extent, other conditions being equal. 
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Fig. i. Diagram of the dependence BX, m = 

L p IL p l = 
X,O" X , n 'max  (~X,O/EX,n)max 

p f ( n ,  

~X,O ) :  ~X,n = 0 . 0 1  ( 1 ) ;  0 . 0 2  ( 2 ) ;  0 .03  

(3); 0.04 (4); 0.05 (5); 0.06 (6); 0.07 
( 7 ) ;  0 . 0 8  ( 8 ) ;  0 .09  ( 9 ) ;  0 .10  ( 1 0 ) ;  0 . 1 2  
(11);  0.15 (12); 0 .20 (13); 0 .25 (14); 
0.30 (15); 0.40 (16);  0.50 (17) .  0 m= 
88 ~ ( a ) ;  87 ~ ( b ) ;  86 ~ ( c ) ;  85 ~ ( d ) ;  84 ~ 
( e ) ;  80 ~ ( f ) ;  77 ~ ( g ) .  

An analysis of the results of a computation performed by means of (])-(4) for a broad 
range of values of cX,0, n and 0 permitted finding a number of expressions to approximate 

the interrelation between these quantities, which can underlie methods to determine the 
optical constants. 

It is established that the quantity AX, 8 for metals can be computed for the angles 0 
60 ~ by means of the approximation 

A~.0 = [1 + (0.4448 " 0 . 2 5 ~  ex.n (1.05 + e~.,,)l cos 0, (5) 

where  0 i s  t h e  e m i s s i o n  a n g l e  i n  r a d i a n s .  

He re  and h e n c e f o r t h ,  t h e  e r r o r  i n  t h e  a p p r o x i m a t i o n  was d e t e r m i n e d  b y  means o f  t h e  e x -  
p r e s s i o n  

hG* = [(G* --G)lG]. 100%. (6) 

Fo r  ~X,n ~ 0 . 1 5  and n ~  2 . 0 ,  which  a r e  c h a r a c t e r i s t i c  f o r  m e t a l s  i n  t h e  IR s p e c t r u m  b a n d ,  
AA: < • i n  t h e  m e n t i o n e d  a n g l e  r a n g e .  The r e l a t i v e  e r r o r  i n  AX, 0 due to  t he  e r r o r  i n  

m e a s u r e m e n t  o f  SX,n i s  d e t e r m i n e d  by  the  r a t i o  AAx,n/Ax,  n = q ( h C X , n / e X , n ) ,  where  q ~ 0 . 0 8  

f o r  ~X,n ~ 0 . 1 5  and 0 ~ 85 ~ 

T h e r e f o r e ,  by  m e a s u r i n g  t h e  s p e c t r a l  n o r m a l  e m i s s i v i t y  o f  m e t a l s  and t h e  a n g u l a r  d e p e n -  
d e n c e  o f  t h e  r e l a t i v e  s p e c t r a l  b r i g h t n e s s  o f  t h e i r  s u r f a c e  LX, 0 /Lx ,  n = r162 = f ( 0 )  by  

u s i n g  known me thods  [14] t h e  v a l u e s  o f  s and e p which  p e r m i t  e v a l u a t i o n  of  t h e  v a l u e s  
' e~ ,O  X,O 

o f  t h e  o p t i c a l  c o n s t a n t s  can  b e  d e t e r m i n e d  by  u s i n g  (3) and (5) f o r  a g i v e n  a n g l e  O. O t h e r  
c o n d i t i o n s  b e i n g  e q u a l ,  t h e  m e a s u r e m e n t s  o f  ~X,n and t h e  r e l a t i v e  a n g u l a r  d e p e n d e n c e  f (O)  
a r e  e v i d e n t l y  s i m p l e r  and more  e x a c t  t h a n  t h e  m e a s u r e m e n t s  o f  c~,  0 and ~P . 

X,O 

The disadvantage of the approximation (5) is that for ~X,n 0.05 the condition AAx, o _ 

• is valid for n ~ ] while for e%,n = 0.35 this condition is satisfied only for 3~ n ~ 6. 

The constraints mentioned are a source of uncertainty for the values n computed with its aid 
since for certain metals, gold, for instance, the quantity n can be less than one [15] for 

= 0.05. eX,n 

Broader possibilities for the determination of the optical constants appear if the de- 
pendence DX, @ = f(eX,n) is used, which is linear for given @ and n. The approximation D%,@ 

in the functions ~X,n and @ has a more comple x form 

D* = (aO @/n cO d] + x, 0 ex.n [exp + + + cos O, (7) 

where  0 i s  t h e  e m i s s i o n  a n g l e  i n  r a d i a n s ,  and a ,  b ,  c ,  d a r e  c o e f f i c i e n t s  d e p e n d e n t  on O: 
f o r  0 = 75 ~ a = 4 . 8 6 ;  b = - - 6 . 5 9 ;  c = 0 . 4 7 7 ;  d = - - 0 . 2 4 5 ;  f o r  0 = 82-84  ~ a = 8 . 6 0 ;  b = - - 1 1 . 7 7 5 ;  
c = 0 . 5 2 5 ;  d = - 0 . 3 1 8 .  
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Fig. 2. Error in approximating the dependence 
BX, m = f(n, eX,n)" Numbers at the curves signify 

values of the refractive index n. BX, m, %. 

It follows from (7) that 

n = [~.n exp ~O ~ b)]/[D~.o - -  ~ , ~  (cO + d) - -  cos 01. ( 8 )  

T h e r e f o r e ,  e X , n ,  0 and  BX, 0 m u s t  b e  m e a s u r e d  t o  d e t e r m i n e  t h e  v a l u e  o f  n b y  u s i n g  ( 8 ) .  

I n  c o n f o r m i t y  w i t h  t h e  r u l e s  f o r  c a l c u l a t i n g  e r r o r s ,  we o b t a i n  f r o m  (8 )  

where 

A n / n  = E (As~,./sx,n) - -  F (ADx,o/D~,o) ,  (9) 

E == (Dz,0 - -  cos 0)/[D~,0 --  en,n (cO + d) ~ cos 0l; 

F = D~..o/[Dn,o - -  en.n (cO + d) - -  cos 0 I. 

V a l u e s  o f  t h e  c o e f f i c i e n t s  E and  F ,  a s  w e l l  a s  t h e  e r r o r  i n  t h e  a p p r o x i m a t i o n  o f  t h e  
q u a n t i t y  DX, 0 f o r  0 = 75 ~ and  @ = 84 ~ , a r e  p r e s e n t e d  i n  T a b l e  1. 

It is seen from the data of the table that as the angle increases the accuracy grows in 
determining n with the error in the approximation taken into account and for an unchanged 
error in measurement of both sX, n and DX,0. However, not only the error in measuring the 

relative spectral brightness of the surface, but also the error in setting up and measuring 
the angle @ determine the magnitude of the error in DX,@. The diagram presented in Fig. I, 

computed by means of (I)-(4), shows the quantity BX, m = (Bx,e)ma x for different values of 

eX, n and n. It is seen from the diagram that for large values of n and k, corresponding to 

small eX,n, BX, m is quite sensitive to the value of the emission angle. Therefore, it is 

expedient to use a method which does not require measurement of the angle 8 to determine the 
optical constants of metals more exactly in the IR spectrum band. 

One such method can be realized if an approximation of the dependence BX, m = f(n, eX,n) 
is used, from which there follows 

. 1 0  ~ 0"508 s \exp(l,327e~,n+O 807) 
n = (1 o e ~ , n  ~,mS �9 ( 1 0 )  

The e r r o r  o f  t h e  a p p r o x i m a t i o n ,  c o m p u t e d  b y  means  o f  (6 )  f o r  d i f f e r e n t  r  and  n ,  i s  

shown i n  F i g .  2 .  The e r r o r  i n  n ,  due  t o  t h e  e r r o r  i n  m e a s u r e m e n t  o f  EX, n and BX, m , i s  d e t e r -  
m i n e d  b y  t h e  r e l a t i o n s h i p  

A n / n  = N (he~,n/e~.~) + M (hBx.~,lB~.m), ( 11 ) 

w h e r e  M = exp  ( 1 . 3 2 7 r  n + 0 . 8 0 7 ) ' ,  N = M[1 .327EX,  n I n  ( l . 1 0 3 r  "5~ X,m) + 0 . 5 0 8 ] .  V a l u e s  o f  
t h e  c o e f f i c i e n t s  N and  M a r e  p r e s e n t e d  i n  T a b l e  2.  

The a p p r o x i m a t e  v a l u e  n* w h i c h  i s  u s e d  t o  d e t e r m i n e  t h e  a p p r o p r i a t e  e r r o r  i n  t h e  a p p r o x -  
i m a t i o n  AB~ by means of Fig 2, is found from the results of measuring eX, n and BX, m by ,m' 
using the diagram of Fig. I. The value of BX, m corrected by the magnitude of the approxima- 

tion error is substituted together with eX, n in (]0) and n is computed. 

The data in Fig. ] and Table 2 show that as eX, n grows the accuracy in determining n by 

the method of measuring BX, m diminishes. Hence, for materials with eX, n > 0.3 it is more 
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Fig. 3. Diagram of the dependence 0 m = ~ (n, el,n). Numbers at 

the curves signify values of the refractive index n. 

Fig. 4. Error in approximating the dependence 0 m = r el,n): 

el, n = 0.25 (12); 0.30 (ii);0.35 (i0);0.40 (9); 0.45 (8); 0.50 (7): 
0.55 (6); 0.60 (5);0.65 (4); 0.70 (3);0.75 (2); 0.80(1), a@~ %. 

expedient to measure the quantity 0 m (the principal angle of incidence [3] or the first 
Brewster angle [8]) to determine n. 

The quantity n which satisfies the equality 

0~ = n [exp {4,42 - -  0,96 l n ~  - 8~,n exp (3,71 - - 1 . 6 3  lnn~ (12)  

can be found from the results of measurements of 0 m and el, n. To do this, the value of 

em,ex p obtained in the measurements should be corrected, as in the previous case, for the 

magnitude of the approximation error. To do this, the approximate value of n* is determined 
by means of el, n and 8m, exp by using the diagram in Fig. 3, computed by means of (2) and (4), 

and the corresponding magnitude of the approximation error Ae~ is found from the diagram in 

Fig. 4. Substituting 8 m = em,ex p + em, expAe~/lO0 and n ~ in (12) and changing n* successively 

by the magnitude of the established step, the exact value of n whose error due to the error 
in measuring el, n and 8 m is 

A n / n  = P (A~,dsx.~) + Q(A0m~m) (13) 

can be determined by successive approximations. Values of the coefficient Q are presented 
in Table 3. Computations showed that P s 1.5 in the whole range of tabulated values of eX,n 
and n. 

The magnitude of the absorption index k and its error for known el, n and n were com- 
puted by means of the formulas 

k = [(4n/e~,h -- ~ q- I~1 ' /2 (14)  

and  

TABLE 2. Values of the Coefficients N and M in (I I) 

s 

n 
0 , 0 5  0 , I 0  0 , 2 0  0,30 0 ,40  

0,5 
1 
2 
4 
6 
10 
1 5  

M 

1,2 
t,2 
1,2 
1,3 
1,3 
1,3 
1,4 

2,4 

1,2 
1.3 
1,4 
1,4 
1.5 
1,5 
1,6 

2,6 

1.4 
1,5 
1,6 
1,8 
1,8 
1,9 
2,0 

2,9 

1,5 
1,7 
1.9 
2,1 
2,2 
2,4 

3,3 

1,7 
1,9 
2,2 
2,5 
2,6 

3,8 
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TABLE 3. Values of the Coefficients Q in (13) 

0,35 0 ,45  0,55 0 ,65 0,75 0 ,85 
n 

0,25 

0,2 2,4 
0,4 4,2 
0,6 5,6 
0,8 6,6 
1,0 7,5 
1,4 8,9 
2,6 12 
4,0 14 ' 

1,4 
2,8 
3,9 
4,8 
5,6 
6,8 
9,4 
1 

0,8 
2,0 
2,9 
3,7 
4,3 
5,4 16 8 

0,4 
1,4 
2,2 
2,9 
3,5 
4,5 
96,7 

G 
1,7 
2,3 
2,8 
3,7 
5,7 
7,3 

1,3 
1,8 
2,3 
3,1 
5,0 

1,5 
1,9 
2,7 

TABLE 4. Values of the Optical Constants of Polycrys- 
talline Tungsten at T ~ 200~ Obtained by Different 
Methods 

pm 

3,5 
5 
6 
7 
8 
9 

10 

[:51 

0,052 
0,040 
O, 037 
O, 035 
0,031 
0,030 
O, 029 

(L~,o/L~,n)max 

3,55 
4,56 
5, 24 
6,02 
6,62 
7, 12 
7, 75 

This paper [ ~ 5 ] 

3,8 
4,8 
6,0 
7,7 
8,4 
9,7 

11,4 

16,4 
21,1 
24,5 
28,4 
31,5 
34,3 
37, 7 

I 

n 

3 , 7  ' 
5,5 
6,8 
%4 
11 
13 

I6  
22 
25 
29 
33 
35 
39 

TABLE 5. Values of the Coefficient F from (9) and 
Optical Constants of Polycrystalline Tungsten at T 
200~ for % = 5 ~m (s% n = 0.040). Computed from the 
Results of Measuring "t~e Relative Spectral Brightness 

O, 
dcg L~,o/L~,,n A~,O D~,O n F 

75 
82 
83 
84 

1,90 
3,00 
3,26 
3,59 

0,2625 
0,1415 
0,1239 
0,1063 

0,2827 
0,1707 
0,1563 
0,1414 

3,66 
4,80 
4,73 
4,89 

32,5 
12,0 
9,0 
7,5 

Ak/k=A (An~n) --B (Ae~,n/ex,n), ( ] 5) 

where B = 2(n/k)2/nSX,n; A = B[2 -- EX,n(n + I)]/2. 

Optical constants of polycrystalline tungsten at T ~ 200~ obtained from the results of 
measuring the maximum relative angular spectral brightness of the natural emission (L%,o/ 

LX,n)ma x are presented in Table 4. The data on the spectral normal emissivity of tungsten 

are taken from [15]. The computation was performed by means of (I0) taking account of the 
approximation error. Since e m > 86 ~ in the whole spectral range of measurement, it was 
assumed in the computations that A%, 8 = O, B%, m = 2(Lx,e/L%,n)ma x and the error in BX,m, in- 

cluding the error in measurement, was taken equal to 2.5%. Therefore, the error in the 
values of n due to the error in B%, m according to (I]) was ~6%. Values of the optical con- 

stants of analogous tungsten specimens for T = 200~ obtained by using the Kramers--Kronig 
method []5], which in conformity with their systematic error exceed the results of this paper 
by ]1% on the average for n and 4% for k, are also presented in Table 4. 

Values of the refractive index, computed by using (8) for the same tungsten specimen by 
means of the results of measuring the relative spectral brightness (L%,e/L%,n) for several 

emission angles e, as well as appropriate values of the coefficient F from (9) are presented 
in Table 5. The quantity A%, e was computed by means of (5) and was used to calculate the 
value D%, e = I/[2(L%,e/L%,n) -- A%,e]. The error in measuring (L%,e/L%,n) and, therefore, the 
error in determining D%, ~ did not exceed I%. 
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It is seen from Tables 4 and 5 that convergence of the values of n is good for the 
angles 82-84 ~ , while the value of n for 0 = 75 ~ differs from n = 4.8 by 24%. i In conformity 
with (9) and F = 32.5 we obtain that such a discrepancy is due to the error in determining 
Dk,e, which equals 0.73%. The value of D%, e corrected by this value of the error turns out 
to be 0.2806. Substituting it into (8), we find n = 4.795. 

Therefore, the results obtained show that the approximate expressions proposed in this 
paper can underlie measurement methods to determine the optical constants of absorbing mate- 
rials. These methods, being distinguished by simplicity, permit the realization of a complex 
investigation of the optical and emissive (reflective) properties, and the utilization of 
existing experimental data on the emissivity and reflectivity ofmaterials [16] to determine 
the optical constants. 

NOTATION 

n, k, refractive and absorptive indices :(6 = n -- ik; ~ is the complex refractive index); 
~l, ~l, Pl, spectral absorptivity , emissivity, and reflectivity, respectively; Ll,n, el,n, 

spectral surface brightness and its normal emissivity; Ll,e, el,e, spectral surface bright- 

ness and its emissivity at an angle e to its normal; s, p, symbols denoting the composite 

emissivity (reflectivity) or brightness for emission polarized in parallel (p) and perpendic- 
ular (s) to the emission (reflection) plane; 8m, first Brewster angle; G, exact value of 
the quantity being approximated, and G* is its approximation; AG*, error in the approxima- 
tion; AI, 0 = e s 0/el �9 = ~P /~l = LP /LP = l l, ,n' BI,0 1,0 ,n l ,O l,n /D~,0" 
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